Abstract. We study convergence to the invariant measure for a class of semilinear stochastic evolution equations driven by Lévy noise, including the case of cylindrical noise. For a certain class of equations we prove the exponential rate of convergence in the norm of total variation. Our general result is applied to a number of specific equations driven by cylindrical symmetric α-stable noise and/or cylindrical Wiener noise. We also consider the case of a "singular" Wiener process with unbounded covariance operator. In particular, in the equation with diagonal pure α-stable cylindrical noise introduced by Priola and Zabczyk we generalize results in [12] . In the proof we use an idea of Maslowski and Seidler from [10] .
Let H be a real separable Hilbert space. In this paper we are concerned with the ergodic behaviour of the semilinear stochastic equation dX t = (AX t + F (X t )) dt + dZ t , t > 0, X 0 = x ∈ H, (1.1) driven by, possibly cylindrical, Lévy noise Z. We assume that A is a generator of a C 0 -semigroup (S t ) t 0 of bounded linear operators on H and F : H → H is a Lipschitz mapping. Under the conditions specified in Section 2 equation (1.1) has a unique solution (X x t ) for every x ∈ H. Our main question is to provide conditions for the exponential convergence of transition measures µ x t (·) = P (X x t ∈ ·) to a unique invariant measure µ in the norm of total variation. This question has been thoroughly investigated in the case when Z = BW with a certain cylindrical Wiener process W and B a linear operator, see for example [3, 6, 9] . In those works more general, non-Lipschitz drifts F were permitted. The two main ingredients for the proofs were the strong Feller property and topological irreducibility of the transition measures µ x t .
In this paper we extend the aforementioned approach to equation (1.1) with general (subject to some natural conditions) Lévy noise Z and bounded Lipschitz drift F . Exponential ergodicity for equation (1.1) was investigated recently in [12, 15] . In Theorem 2.8 of Section 2 we show that if the semigroup (S t ) is exponentially stable and compact and the measures µ x t are strong Feller and irreducible then the convergence to the invariant measure holds in the total variation norm and moreover the rate of convergence is exponential. The proof is based on an idea developed in [10] . In Section 3 we discuss three examples. In subsection 3.1 we apply our general result to equation (1.1) with the noise Z being a symmetric α-stable cylindrical noise. In Corollary 3.2 we show that Theorem 2.8 yields a strengthening of the similar result obtained in [12] and of an earlier result in [15] . In the proof we use the fundamental results of Priola and Zabczyk proved in [14] . In subsection 3.2 we consider Lévy noise with both, the jump part and the Gaussian part, non-vanishing. Finally, in Section 3.3 we consider the stochastic heat equation driven by a mixture of a cylindrical symmetric α-stable noise and a singular Wiener noise with unbounded covariance operator.
Notations. In what follows, the norm in the Hilbert space H is denoted by | · |. The norm in any other Banach space E will be denoted as | · | E .
The Hilbert-Schmidt norm of an operator K : H → H will be denoted as K HS .
Formulation of the problem and main result
We start with the set of conditions that are assumed to hold throughout the paper. We assume that Z = (Z t ) t 0 is a Lévy process defined on a stochastic basis (Ω, F , (F t ) t 0 , P) satisfying the usual conditions and with values in a Hilbert space U, such that H ⊂ U with continuous and dense embedding. More precisely, we assume that
where a ∈ U is a fixed vector, W is a standard cylindrical Wiener process in H, the process Y is a U-valued, pure jump Lévy process, independent of W , and Q : dom(Q) ⊂ H → H is a selfadjoint and nonnegative operator. We will assume that the semigroup (S t ) enjoys the following properties.
Hypothesis 2.1.
(1) For every t ∈ (0, 1], the operator S t has an extension (still denoted by S t ) to a bounded operator S t : U → H.
For each t > 0 the operator S t Q 1/2 extends to a bounded operator on H and
is a well defined H-valued random variable defined as a limit in probability of the corresponding Stieltjes sums (see e.g. [2] and [11] ). Moreover, there exists p > 0 such that 
Then the following hold.
(1) For any t 0 there exists a constant C (t, p, A) such that
The process Y A is continuous in p-th mean.
(3)
The process Y A admits a predictable modification.
Remark 2.6. Clearly, Proposition 2.5 holds true for a more more general process
by (2.1), (2.2) and (2.3). We will always consider a predictable modification of Z A .
Let us recall that the process X x is a mild solution to equation (1.1) if it is H-valued, predictable and
We will use the notation
for the law of the random variable X x t ∈ H. Proposition 2.7. Assume Hypotheses 2.1-2.4. Then for every x ∈ H equation (1.1) has a unique mild solution X
x . The process X x is Markov and Feller in H,
and the process X x is t-continuous in p-th mean.
Now we can formulate the main result of this paper. In the theorem below we denote by ν var the total variation norm of a signed Borel measure ν on H. For the definitions of the strong Feller property and open set irreducibility the reader may consult [5] .
Theorem 2.8. Assume Hypotheses 2.1-2.4. Moreover assume that the semigroup (S t ) is compact and exponentially stable. Assume also that the solution X to (1.1) is strongly Feller and open set irreducible. Then there exists a unique invariant measure µ for (1.1) and there exist constants β > 0 and C > 0 such that
Remark 2.9. Let X ν t be the solution to (1.1) starting from an F 0 -measurable random variable X 0 such that Law (X 0 ) = ν. Then inequality (2.7) extends by standard arguments to a more general one
where µ ν t is the law of the random variable X ν t .
Examples

3.1.
Model with cylindrical α-stable noise. In this section we apply Theorem 2.8 to equation (1.1) driven by a cylindrical symmetric α-stable noise Z with α ∈ (0, 2), introduced by Priola and Zabczyk in [14] and later studied in [12] and [15] . Let dim(H) = ∞ and let {e k ; k 1} be a CONS in H. We will identify H with the space l 2 of square-summable sequences. Let (ρ k ) be an arbitrary sequence of positive real numbers. Then we can define the Hilbert space l 2 ρ of all sequences x = (x k ) such that
and we will denote by ·, · ρ the corresponding inner product. The equation
is studied in [14] and in [15] in the space H = l 2 under the set of assumptions listed below.
(2) For α ∈ (0, 2) we define a cylindrical α-stable process
where (Z k ) is a sequence of real-valued symmetric and independent α-stable processes and (b k ) is a sequence of positive reals such that
3) The mapping F : H → H is Lipschitz continuous and bounded.
(4) There exist constants θ ∈ (0, 1) andc > 0 such that
Let for a fixed σ
Clearly, H is continuously and densely imbedded into U σ . We shall show that Hypothesis 3.1 implies the assumptions of Proposition 2.7 and of Theorem 2.8.
First, note that Z is an U σ -valued Lévy process. Indeed, by Proposition 3.3 in [14] , Z is a Lévy process with values in l ρ with ρ = (ρ k ) such that
hence with values in U σ by (3.2). Next, the operator A with the domain dom(A) = l 2 λ , where λ = (λ k ) generates on H a symmetric compact semigroup (S t ) with
In particular,
the additional assumptions on (S t ) in Theorem 2.8 hold.
and (3.5) yields S t Uσ→H c(t), and the proof of part (1) of Hypothesis 2.1 is complete. Since a = 0 and Q = 0 all the conditions of Hypothesis 2.1 are satisfied. Next, if parts (1) and (2) of Hypothesis 3.1 hold then it follows from Proposition 4.4 of [14] that for any t > 0 the stochastic integral t 0 S s dZ s takes values in H, hence the first part of Hypothesis 2.2 is satisfied and additionally for any p ∈ (0, α)
where the constantc p depends on p only. We note that the last estimate is an immediate consequence of Theorem 4.6 in [14] . Note also that by (3.2) the RHS of (3.6) is finite uniformly in t > 0, hence our condition (2.3) is satisfied with
Moreover, using the Dominated Convergence we find that the RHS of (3.6) tends to 0 as t ↓ 0 which yields our condition (2.4 
Remark 3.4. Ascertainment (3.7) is proved in Theorem 2.8 in [12] under Hypothesis 3.1 and an additional assumption that for some ǫ > 0
Let us note, that (3.8) ensures that the solution X to (3.1) takes values in a linear subspace compactly imbedded into H, while (3.2) of Hypothesis 3.1 is equivalent to the fact that X is H-valued only (Comp. Remark 2.3 in [12] ). Corollary 3.3 strengthens also Theorems 2.2 and 2.3 from an earlier paper [15] . In that paper additionally to Hypothesis 3.1 the nonlinearity F must be sufficiently small and only weak convergence to the invariant measure µ with exponential rate is obtained.
Linear equation driven by Lévy noise with Gaussian component.
In this section we consider equation (1.1) with F = 0, i.e.
under Hypotheses 2.1 and 2.2. By (2.2) the operator Q t : H → H defined as
is nonnegative and trace class for every t > 0. We will also assume the following Hypothesis 3.5.
Let us recall that Hypothesis 3.5 holds if and only if the solution X OU (Gaussian Ornstein-Uhlenbeck process), corresponding to equation (3.9) with Y = 0 and a = 0, is strong Feller (see Section 9.4.1 of [4] ). Therefore, if Hypothesis 3.5 holds then the solution X to (3.9) is strong Feller as well by Lemma 20.1 in [13] .
We note also that by Hypothesis 3.5 and the strong continuity of the semigroup (S t ) the set Q 1/2
is dense in H for every t > 0. Hence, N (S t x, Q t ) = L aw X OU,x t has a support on the whole of H for every t > 0. Therefore X x t is irreducible for every t > 0 and x ∈ H by Lemma 20.1 in [13] .
Thus we obtain the following immediate consequence of Theorem 2.8.
Corollary 3.6. Assume Hypotheses 2.1, 2.2 and 3.5 and moreover assume that the semigroup (S t ) is exponentially stable. Then equation (3.9) has a unique invariant measure µ that satisfies (2.7).
In particular, invoking Remark 2.3 we obtain Corollary 3.7. Let U = H and E |Y 1 | p < ∞ for certain p > 0. Moreover, assume (2.2) and Hypothesis 3.5 and that the semigroup (S t ) is exponentially stable. Then equation (3.9) has a unique invariant measure µ that satisfies (2.7).
3.3.
Heat equation with Lévy noise with singular Gaussian component. In this section we will apply Theorem 2.8 to the stochastic heat equation
with an unbounded operator Q = −
, vector a ∈ U, and a cylindrical α-stable process Y . It is well known that equation (3.10) can be rewritten as a version of an abstract equation (3.9). Indeed, let H = L 2 (0, π) and
Then A has eigenfunctions e k (ξ) = 2 π sin kξ, k 1, and eigenvalues
We assume that for a certain δ ∈ R
Then for every t > 0, sup
and therefore, by Proposition 9.30 in [4] Hypothesis 3.5 holds. Note that (2.2) holds for A and Q defined above iff δ < 1. (3.12) Indeed, (3.12) is satisfied iff
which is equivalent to (2.2), comp. Proposition 9.30 in [4] . In particular, for δ ∈ (0, 1) the operator Q = (−A) δ/2 in (3.11) is unbounded but condition (2.2) holds. Let
where (Y k ) is a sequence of real-valued, independent, symmetric and α-stable processes with α ∈ (0, 2). We will assume that the sequence of non-negative real numbers (b k ) enjoys the following property. The set K = {k ∈ N : b k > 0} , is infinite and there exists γ ∈ R such that
Observe, that if It has been proved in [8] , see also [7] for a more general result, that
where M is the Lévy measure of Y . We can represent 
E|N(B)| = M
(2) (B) for B ∈ B(H). Therefore as in [1] we obtain the estimate:
where the last inequality follows from (4.1) and (2.3) and (2.4) hold.
4.2.
Proof of Proposition 2.5. We will consider only the case of p ∈ (0, 1) which is less standard. The proof for p 1 is similar. We recall that for p ∈ (0, 1) the space L p (Ω, H) is a linear complete metric space with the distance
Proof of (1). For u > 0, v 0 we have (e.g. [2] )
where D = stands for the equality of probability distributions. Hence, invoking the fact that for certain constants C A 1 and δ S t C A e δt , t 0, we find that for a fixed t > 0
and (2.5) follows with
In (4.3) estimates follow from the triangle inequality and (4.2). Proof of (2). Fix t 0. Then for h > 0
Hence, by triangle inequality and (4.2)
and by (2.4) of Hypothesis 2.2, lim h↓0
by the strong continuity of the semigroup (S t ). Moreover, for h ∈ (0, 1]
Therefore, by part (1) of the Proposition and the Dominated Convergence we obtain 5) and the right-continuity of Y A in p-th mean follows. Similarly, to prove left-continuity, fix t > 0 and let 0 < h < t ∧ 1. Then, using (4.2) we obtain
and
Therefore, by (4.4) and (4. 
Proof of Proposition 2.7.
We follow the proof of Theorem 5.4 in [14] . Recall that we can choose a predictable version of the process Z A . Uniqueness of solutions to (1.1) is an easy consequence of the Gronwall Lemma. To prove existence observe first that under Hypothesis 2.4, for fixed measurable function f : [0, T ] → H and x ∈ H, the deterministic equation
has a unique continuous solution y : [0, T ] → H, hence by part (3) of Proposition 2.5 there exists a continuous H-valued and (F t )-adapted process (V t ) such that P -a.s.
Consequently, the process X To this end we note that by Hypothesis 2.4
and since the semigroup (S t ) is exponentially stable, there exist constants C A , κ > 0 such that S t C A e −κt , t 0.
Therefore, using Remark 2.6 and (4.3) for Z A (t) we obtain
and (4.6) follows.
Step 2. In order to prove the existence of an invariant measure for equation (1.1) we will use the method of [5] and [15] to show that the family {µ Fix arbitrary ǫ ∈ (0, 1). Since for any t 1
there exists a compact set K 3 = K 3 (ǫ) ⊂ H such that P (X 3,t ∈ K 3 ) 1 − ǫ 2 , for all t 1.
Next, by (4.6) sup where B r stands for the closed ball B r = {x ∈ H : |x| r}. Since S 1 : H → H is compact, the set
is compact in H and is compact. Then, invoking the boundedness of F we find that there exists a compact set K 2 such that X 2,t ∈ K 2 , for all t 1. LetK = K 1 + K 2 + K 3 = {x 1 + x 2 + x 3 : x i ∈ K i } .
Clearly,K is a compact subset of H and
Now, by the Dominated Convergence P t f (X xn t ) = E f (X xn t ) −→ E f (X , and f = P t I K ∈ C b (H) by the strong Feller property, we find that
which implies (4.9) since (B r , τ w ) is metrisable. 
